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We present a simpler and more powerful version of
the recently-discovered action principle for the mo-
tion of a spinless point particle in spacetimes with
curvature and torsion. The surprising feature of the
new principle is that an action involving only the
metric can produce an equation of motion with a
torsion force, thus changing geodesics to autoparal-
lels. This additional torsion force arises from a non-
commutativity of variations with parameter deriva-
tives of the paths due to the closure failure of par-
allelograms in the presence of torsion.
According to Einstein’s equivalence principle,
the equation of motion of a free spinless point
particle in a curved spacetime is found by the
following two step procedure. First, the equa-
tion of motion
x¨a(τ) = 0 (1)
for rectilinear coordinates xa (a = 0, 1, 2, 3)
in a flat spacetime with the Minkowski metric
(ηab) = (+,−,−,−) is transformed via
xa = xa(q) (2)
to curvilinear coordinates q λ (λ = 0, 1, 2, 3).
The resulting equation reads
q¨ λ(τ) + Γ
λ
µν (q(τ)) q˙
µ(τ) q˙ ν(τ) = 0 , (3)
where τ is the proper time, and the Christoffel
connection
Γ
λ
µν (q) =
1
2
gλκ(q)
×
[
∂µgνκ(q) + ∂νgκµ(q) − ∂κgµν(q)
]
(4)
is derived from the induced metric
gµν(q) = e
a
µ(q)e
b
ν(q)ηab , (5)
e aλ(q) ≡ ∂x
a(q)/∂qλ. (6)
Second, it is postulated that (3) and (4) also
describe the motion in a curved spacetime with
an intrinsic metric gµν . The solutions of (3)
represent the shortest curves in the spacetime,
i.e. geodesics .
If torsion is admitted to the geometry, thus gen-
eralizing the Riemann to a Cartan spacetime
[1], there exists another equation of motion,
which is as covariant and simple as (3),
q¨ λ(τ) + Γ λµν (q(τ)) q˙
µ(τ) q˙ ν(τ) = 0 , (7)
in which the Christoffel connection Γ
λ
µν is re-
placed by the full affine or Cartan connection
Γ λµν (q) = Γ¯
λ
µν (q) + K
λ
µν (q) . (8)
It contains in addition to the Christoffel con-
nection (4) the contortion tensor
K λµν (q) = S
λ
µν (q) − S
λ
ν µ(q) + S
λ
µν(q) , (9)
a combination of torsion tensors
S λµν (q) ≡
1
2
[
Γ λµν (q)− Γ
λ
νµ (q)
]
. (10)
The solutions of (7) define the straightest
curves in the spacetime, i.e. autoparallels. Note
that due to (8) and (9) the autoparallels (7) and
the geodesics (3) differ by the additional torsion
force K λµν (q)q˙
µq˙ν = 2Sλµν(q)q˙
µq˙ν . It should
be noted, that the symmetric partK λ(µν) of the
contorsion tensor does not identically vanish.
The question arises which of the two curves pro-
vides us with the correct particle trajectories
in spacetimes with curvature and torsion. Ac-
cording to the Einstein-Cartan theory of grav-
ity [2–4], the canonical energy-momentum ten-
sor Θµν and the spin density Σµν,λ of matter
should determine the geometry of spacetime by
equations Gµν = −κΘµν and Sµν,λ = −κΣµν,λ,
where κ is the gravitational constant, Sµν,λ the
Palatini tensor derived from the torsion tensor
S λµν and G
µν the Einstein tensor formed from
the Cartan curvature tensor
R λµνκ (q) = ∂µΓ
λ
νκ (q)− ∂νΓ
λ
µκ (q)
− Γ ρµκ (q)Γ
λ
νρ (q) + Γ
ρ
νκ (q)Γ
λ
µρ (q) . (11)
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The Bianchi identity for the Einstein ten-
sor Gµν implies for the symmetric energy-
momentum tensor T µν of spinless point parti-
cles the conservation law
D¯νT
µν(q) = 0 , (12)
where D¯ν is the covariant derivative involving
the Christoffel connection Γ
λ
µν . This conser-
vation law does not contain the torsion ten-
sor S λµν , and leads therefore directly to the
geodesic equation (3) as shown by Hehl [5].
Because of the beauty of the mathematical
framework within which this result was derived,
there was little doubt that particles should run
along the shortest paths, just as in Einstein’s
original theory of gravity. Physically, however,
it is hard to conceive how this can be true, since
it contradicts two quite fundamental properties
of physical laws: inertia and locality. Because
of its inertia, a particle will change its direc-
tion in a minimal way at each instant of time,
which makes its trajectory as straight as possi-
ble. If it were to choose a path which minimizes
the length of the orbit it would have possessed
some global information of the geometry. In
Einstein’s theory of gravity, the two paths hap-
pen to coincide on mathematical grounds, so
that this basic problem did not become appar-
ent for geodesics, but in the presence of torsion
it can no longer be ignored.
Doubts as to the correctness of geodesics as par-
ticle trajectories arose first in a completely dif-
ferent context [6,7]. When solving nonrelativis-
tic Coulomb problems in classical or quantum
mechanics, a local coordinate transformation
dxa = e aλ(q) dq
λ (13)
with the Kustaanheimo-Stiefel coefficients [8,9]
(e aλ(q)) =


q3 q0 q1 q2
q0 −q3 −q2 q1
q1 q2 −q3 −q0
q2 −q1 q0 −q3

 (14)
has long been very helpful since it carries
Coulomb into harmonic systems. The coeffi-
cient functions e aλ possess the interesting prop-
erty of not obeying the integrability condition
of Schwarz:
∂µ e
a
λ(q) − ∂λ e
a
µ(q) 6= 0 . (15)
This implies that there exists no singlevalued
global transformation (2) from which e aλ could
be obtained as the derivatives (6). This makes
the local coordinate transformation (13) non-
holonomic. In the absence of forces in the orig-
inal flat space, particles run along straight lines
which satisfy the equation (1). Their image
under the transformation (13) satisfies the au-
toparallel equation (7), where the affine connec-
tion is explicitly given by
Γ λµν (q) = e
λ
a (q)∂µe
a
ν(q). (16)
From (10), (11) and (16) we then conclude that
a coordinate transformation of the type (13)
carries a flat space into a space with the torsion
tensor
S λµν (q) =
1
2
eaλ(q)
[
∂µe
a
ν(q)− ∂νe
a
µ(q)
]
(17)
and a vanishing Cartan curvature tensor [7].
Now, it is well-known that equations of motion
remain valid under such mappings. Therefore
autoparallels must be the correct particle tra-
jectories [6,7].
It is not hard to generate also nonvanishing
Cartan curvature by nonholonomic mappings
(13). For this, the coefficient functions eaλ
must only be chosen as multivalued. Then the
functions eaλ themselves fail to satisfy the cri-
terion of Schwarz, and the noncommutativity
of partial derivatives yields for the Cartan cur-
vature tensor (11) the expression
Rµνλ
κ(q) = e κa (q)
[
∂µ∂ν − ∂ν∂µ
]
e aλ(q) , (18)
as can be verified by inserting (16). Local
coordinate transformations (13) which gener-
ate both torsion (17) and curvature (18) are
widely used for describing crystals with defects
[10–13]. Examples illustrating such mappings
and their applications are elaborated in [3].
In Ref. [14] it was pointed out that autoparallel
trajectories could only be understood after a re-
vision of the variational calculus in spacetimes
with torsion. These possess an unusual feature
not encountered before, namely a closure fail-
ure of parallelograms . As a consequence, varia-
tions of particle trajectories in an action cannot
be performed as usual. Variations δxa(τ) of a
path in flat spacetime are always performed at
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vanishing endpoints, thus forming closed paths.
The images δqλ(τ) under a nonholonomic map-
ping (13), however, are in general open, their
closure failure being proportional to the tor-
sion. The superscript S indicates this special
feature.
Let us briefly recall the derivation in [14]. If e λa
denotes the reciprocal multivalued basis vectors
orthonormal to e aµ,
e λa (q) e
a
µ(q) = δ
λ
µ , (19)
the local coordinate transformation (13) can be
integrated implicitly for any orbit xa(τ) in the
flat spacetime to yield an implicit equation for
the image orbit qλ(τ) in the spacetime with cur-
vature and torsion:
q λ(τ) = q λ(τ0) +
τ∫
τ0
dτ ′e λa (q(τ
′)) x˙a(τ ′). (20)
If δxa(τ) denotes an arbitrary variation of the
orbits in the flat spacetime, nonholonomic vari-
ations δSq λ(τ) are defined by identifying the
image of the varied path xa(τ) + δxa(τ) un-
der the mapping (20) with q λ(τ) + δSq λ(τ).
The variations δxa(τ) are performed as usual
at fixed end points. Their images δSqλ(τ), how-
ever, possess the above-mentioned closure fail-
ure which is proportional to the amount of tor-
sion introduced inside δSqλ(τ) by the nonholo-
nomic coordinate transformation (13). They
are open nonholonomic variations which may
be chosen to vanish at the initial point, but then
they are nonzero at the final point. Note that
the open nonholonomic variations δS commute
with the parameter derivatives dτ ≡ ∂/∂τ :
δSdτ q
λ − dτ δ
Sq λ = 0. (21)
Applying these variations to an action
A[q λ(τ)] =
τ2∫
τ1
dτL(q(τ), q˙(τ)), (22)
the correct variational principle in the presence
of curvature and torsion was found in [14] to
have the form
δSA[q λ(τ)] = 0 . (23)
Applying this new variational principle to the
Lagrangian of a spinless point particle
L(q, q˙) = −Mc
√
gλµ(q)q˙λ q˙µ (24)
produces directly the autoparallel equation (7).
In spite of the simplicity of the result, the alge-
bra involved in deriving the torsion terms in the
equation of motion (7) turned out to be quite
complicated [14]. In addition, the applicability
of the procedure was restricted to a free parti-
cle Lagrangian, and did not permit the inclu-
sion of nongeometric forces such as electromag-
netic ones. The purpose of this note is to im-
prove this situation by presenting a variational
procedure which is more elegant and can be
applied to general Lagrangians. This is possi-
ble by avoiding the awkward open anholonomic
variations δSqµ(τ) in favor of auxiliary closed
nonholonomic variations δ¯ which do vanish at
the endpoints, in this respect being closer to
the ordinary variations. They are defined as
the images of the ordinary variations δxa(τ) in
the flat spacetime under the local coordinate
transformation (13):
δ¯q µ(τ) ≡ e µa (q(τ)) δx
a(τ) . (25)
Their special property, which will generate the
torsion force later on, is that they do not com-
mute with parameter derivatives of the path
functions qµ(τ). To see this we invert (25) and
take the parameter derivative to obtain
dτ δx
a = e aλ(q)dτ δ¯q
λ + ∂µe
a
λ(q)q˙
µ δ¯q λ. (26)
A variation of (13) yields, on the other hand,
δdτx
a = e aλ(q) δ¯q˙
λ + ∂µe
a
λ(q) q˙
λ δ¯q µ . (27)
Using now the property
δdτx
a − dτδx
a = 0 (28)
in flat spacetime, we deduce from (26) and (27)
that the operations δ¯ and dτ satisfy the com-
mutation relation
δ¯dτq
λ − dτ δ¯q
λ = 2S λµν (q) q˙
µ δ¯q ν . (29)
The new action principle states now
δ¯A[q λ(τ)] = 0 (30)
for all variations δ¯q λ(τ) which vanish at the
end points τ1 and τ2,
δ¯q λ(τ1) = δ¯q
λ(τ2) = 0 , (31)
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and which satisfy the commutation relation
(29). The latter property of the auxiliary vari-
ations in spacetimes with torsion modifies the
Euler-Lagrange equations by the correct torsion
force. Indeed, varying the action (22) by δ¯qλ(τ)
yields
δ¯A[q λ(τ)] =
=
τ2∫
τ1
dτ
[
∂L
∂qλ(τ)
δ¯qλ(τ) +
∂L
∂q˙λ(τ)
d
dτ
δ¯qλ(τ)
+2S λµν (q(τ))
∂L
∂q˙λ(τ)
q˙µ(τ) δ¯qν(τ)
]
. (32)
After a partial integration of the second term,
we obtain the modified Euler-Lagrange equa-
tion
∂L
∂q λ(τ)
−
d
dt
∂L
∂q˙ λ(τ)
= 2S νλµ (q(τ)) q˙
µ(τ)
∂L
∂q˙ν(τ)
, (33)
the right-hand side being the torsion force.
For the free-particle Lagrangian (24), the equa-
tion of motion (33) takes the form
q¨λ
[
gλκ
1
2
(
∂µgνκ + ∂νgκµ
−∂κgµν
)
+ 2S λµν
]
q˙ µ q˙ν = 0, (34)
which coincides with the autoparallel equa-
tion (7) after taking into account (4), (8) and
(9). Thus spinless point particles move along
straightest lines, as expected from particle in-
ertia and locality, rather than shortest lines, as
commonly believed. Furthermore we observe
the increased power of the new variational prin-
ciple (30). The modified Euler-Lagrange equa-
tion (33) make also sense if the Lagrangian con-
tains a coupling to nongeometric fields, as for
instance the vector potential Aµ.
The new action principle presented here is the
most natural generalization of the fundamental
Hamilton principle to spacetimes with curva-
ture and torsion. In contrast to [14], variations
can be performed without reference to the flat
coordinate system, which was only introduced
as a mathematical device for deriving the cru-
cial commutation relation (29) between varia-
tion and parameter derivative.
Since spinless point particles run along autopar-
allel trajectories on very fundamental grounds
, i.e. inertia, locality and closure failure, the
gravitational field equations in spaces with tor-
sion, on which the presently accepted derivation
of geodesic trajectories is based, must have a
fundamental flaw. In particlular, they must be
such that the covariant conservation law for the
energy-momentum tensor of the point particle
is
D¯νT
µν + 2SµλκT
κλ = 0 , (35)
instead of (12). This will be an important task
for the future.
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